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͓5͔͒, which coincide with the usual equilibrium shapes of red blood cells. Since giant vesicles can be as large as 100 m, their properties can be investigated using standard optical microscopy techniques, and constitute, therefore, in view of their conceptual simplicity, a theoretical and experimental model system for blood flows. Of course there is no common point between a red blood cell and a vesicle from the biological point of view; a vesicle only contains phospholipids, a major ingredient of cell membranes, but has no biological function. Interestingly, it should be possible to incorporate more complicated, and biologically relevant, ingredients like proteins to the phospholipid membrane to selectively activate some biochemical properties. Equivalently, the encapsulated fluid could be modified to mimic in a more realistic way the internal medium of a red blood cell. It is, however, not our purpose here to model the biological properties of a red blood cell. Rather we will focus on their mechanical properties. Understanding blood rheology is a major issue for biomedical applications. At the macroscopic scale blood is a non-Newtonian fluid ͑see, e.g., Ref. ͓9͔͒ , and a precise knowledge of its flowing properties is necessary to understand some pathologies, or to design artificial devices. Since blood properties are very sensitive to experimental conditions, a special effort is made to find blood analogs, mimicking their rheological properties without the biological complications. At a more microscopic scale, blood is responsible for cell transport and can then play an active role in the propagation of some pathologies, like cancer for example. Mechanical models have then been suggested to describe the dynamic of a red blood cell in an external flow, like the ''capsule'' model, which aims at a quantitative description of red blood cell flows. These models include elastic properties of the red blood cell membrane ͑see, e.g., Refs. ͓10-15͔͒. Our scope here is different; instead of including all the relevant physical ingredients necessary to derive a quantitative description of blood flows, which is certainly of very important practical interest, but unfortunately often shadows simple, but important physical mechanisms, we want to identify these elementary mechanisms by including a minimal set of physical ingredients on the contrary. More realistic models can then be constructed step by step, isolating the influence of each physical ingredient at a time. From this point of view, a vesicle constitutes the ideal starting point for this kind of approach, since its equilibrium properties depend on the swelling factor and the area difference between the internal and external monolayers, and its dynamical properties are controlled by a very small set of dimensionless numbers, two in the simplest approach and three when a viscosity contrast between the encapsulated fluid and the external medium is accounted for. In this paper we shall keep the analysis rather simple by disregarding the area difference between the monolayers, though we are aware of the importance of this ingredient with regard to equilibrium shapes. The key simplification comes from the liquid nature of the membrane. It shares the same inextensibility property with red blood cell, which is certainly the reason for the success of this naive model, but there is no shear modulus, in contrast with red blood cells for which a weak shear modulus is revealed. This is indeed a great simplification since accounting for shear elasticity raises the problem of the tensionless reference surface, which is unknown for red blood cells, and strongly affects the results ͓15͔. The vesicle model suppresses this difficulty, rendering an interpretation of the results much simpler. Moreover, although very simplistic, the vesicle model seems to be qualitatively, but also semiquantitatively, quite reliable to describe the physical effects observed in blood flows. In this paper we present a quantitative numerical study of the tank-treading to tumbling transition in vesicular systems, and show that the Keller-Skalak ͑KS͒ theory ͓16͔, based on fixed ellipsoidal shapes, correctly describes the transition mechanism, even for highly nonellipsoidal shapes in two dimensions. This transition between a steady regime and a nonsteady tumbling motion is indeed of fundamental importance in blood since it strongly affects its rheological properties ͓9͔. Moreover we show that a confinement of the vesicle between two rigid walls shifts the location of the transition, which should have consequences on the rheological properties of blood in capillary vessels.
In Sec. I we present the model, the parameters and the general equations. The numerical techniques we used to solve the hydrodynamic free boundary problem are presented in Appendixes A, B and C, where we revisit the newly proposed advected field ͑AF͒ method ͓17͔, and analyze the sensitivity of the method to internal parameters. In Sec. II we compare the numerical results to the KS theory, and analyze the dissipation in Sec. III. Section IV is devoted to confinement, and a discussion with some open questions is presented in Sec. V. Some technical calculations are relegated to the Appendixes.
I. MODEL AND EQUATIONS

A. Model
A vesicle is a closed phospholipid membrane as depicted in Fig. 1 , ideally a bilayer, but sometimes a multilayer membrane. Depending on temperature, and the chemical nature of the surfactants, the molecular organization of the membrane can be of the liquid type, or correspond to a crystal, or even form a gel-like structure. At a mesoscopic scale, the mechanical properties of the membrane can then vary from a two-dimensional liquid to an elastic solid. In any case, the extensibility of the membrane is very low, and it is usually assumed to be inextensible; we will use this assumption here. The other possible in-plane deformation is a shear. If the membrane is purely liquid, as we will assume here, this distortion does not cost any energy, whereas if the membrane is elastic ͑as red blood cells are͒ it will store elastic energy. For a liquid inextensible membrane, the only energetic contribution is then in out of plane deformations, which are essentially bending modes. Several models have been considered for the membrane energy, starting from the simplest model suggested by Helfrich ͓2͔ ,
where c 1 and c 2 are the two main curvatures, in three dimensions, at a given point of the membrane. The total curvature c 1 ϩc 2 and the Gaussian curvature c 1 c 2 are the two geometrical invariants characterizing the surface at a given point. Since curvatures are algebraic, and physical properties of the membrane do not depend on the precise sign of these quantities if the membrane is symmetrical, the energy should be quadratic. Integrals are calculated over the surface of the membrane. and are the elastic moduli characterizing the two possible deformation modes, and we have assumed that the membrane is homogeneous to extract them from the integrals. Thanks to the Gauss-Bonnet theorem the Gaussian contribution is a constant that only depends on the topology. When the vesicle is not subjected to topological changes ͑like budding for example͒ does not play any role. We will accordingly disregard the Gaussian contribution from the energy in the following. When minimizing the energy, the constraint of local inextensibility of the membrane have to be accounted for, using for example a local Lagrange's parameter (s,t) which is a function of the arclength ͑and of time in dynamical regimes͒:
A minimization of the total energy can be performed to compute the equilibrium shapes of the vesicle. Interestingly, the Helfrich formulation is scale invariant, which means that the typical size of the vesicle does not play any role. The only relevant parameter is the swelling ratio ϭ6ͱV/S 3/2 , where V is the volume of the vesicle and S its area ( ϭ4S/ P 2 in two dimensions where P is the perimeter of the vesicle͒. When a flow is applied, hydrodynamical quantities will enter into play, which will be considered now.
B. Hydrodynamical equations
Since the typical size of a vesicle is of the order of 10 m, and typical shear rates applied to these vesicles are usually smaller than 10 Hz, the Reynolds number can be estimated to be of the order of 10 Ϫ3 in water. Inertial effects are then negligible and the appropriate equation to describe the hydrodynamic flow inside and outside the vesicle is the Stokes equation
where ϭ("vϩ"v T ) is the Newtonian stress tensor ͑no-tation T denotes a transposition of the gradient velocity ten- sor͒, is the viscosity of the considered medium ͓for water ϭ1.0ϫ10
͔͒, v is the velocity field, p is the pressure field and f ext is the local force exerted by external objects, like the vesicle itself and eventually a substrate, on the fluid. Finally, the liquid is incompressible for all practical purposes, entailing that:
The contribution of the vesicle to the external force can be derived from its configurational Hamiltonian
where we recognize the curvature energy ͑the first term͒ corresponding to the Helfrich theory ͓2͔, c is the local curvature of the membrane cϭc 1 ϩc 2 and s denotes the coordinates along the membrane ͑the curvilinear coordinate along the contour of the vesicle in two-dimensions͒, is the curvature rigidity, and the second term expresses the constraint of fixed perimeter. (s) is a local Lagrange's parameter expressing the absence of local dilatation of the membrane. The force field exerted by the vesicle on the flow is simply given by f ext ϭϪ␦E/␦R, where ␦R is a local elementary translation of the membrane forming the vesicle. The last prescription needed to derive the dynamical equations for the vesicle is the boundary condition for the velocity field at the membrane. The simplest prescription compatible with the absence of permeation is to assume that the vesicle is purely advected ͑transported͒ by the flow, which means that the local velocity of the membrane is the local velocity of the flow:
The final set of equations is then
These equations have to be solved numerically, and we will consider both the boundary integral method ͑Appendix A͒ and the AF method ͑Appendix B͒. A comparison between the two methods is the subject of Appendix C. We will mostly use the boundary integral method for quantitative comparisons with the KS theory ͑Sec. II͒ and the AF method for qualitative discussions ͑Sec. III͒. We will now more specifically consider the two-dimensional ͑2D͒ geometry.
C. Relevant parameters
The first relevant parameter is the swelling ratio that controls the equilibrium shape of the vesicle. The relaxation time of the shape of the vesicle is controlled by the viscosity of the fluid; a typical relaxation time can be constructed as t shape ϭR 3 /, where is a viscosity. We take the viscosity of the external fluid to define various quantities of physical interest, and it will be denoted out ͑while in refers to that of the liquid inside the vesicle͒. The typical temporal scale of the shape evolution is t shape ϭ out R 3 /, where R is a length scale which we will choose as RϭͱS/ in two dimensions, the radius of the disk of the same area. Indeed, these definitions based on dimensional considerations do only provide orders of magnitude, as long as the viscosity ratio is not too large ͑р10͒ the replacement of in by out will not change the overall picture. In the presence of a shear flow, the shear rate ␥ defines a time scale 1/␥ and therefore, combined to t shape we can construct the dimensionless number C ϭ out ␥R 3 / which characterizes the deformability of the vesicle under the hydrodynamic constraint ␥. The larger C is, the larger the deformation due to the flow. When allowance is made for a viscosity contrast between the internal fluid and the suspending medium, the viscosity ratio r ϭ in / out will also come into play. To summarize, the three relevant parameters in the problem are ϭ4S/ P 2 in two dimensions,
II. TEST OF THE KS THEORY
A shear flow can be viewed as the superposition of a pure rotational flow and an elongational flow which main elongation axis is oriented at 45 from the shear direction. When an object is placed in such a flow it experiences a torque inducted by the rotational component of the velocity field, and a torque due to the elongational part which tends to orient the particle at 45 from the shear direction. The resulting motion of the particle depends on the competition between these two components of the flow, and the generic evolution equation for the orientation of a particle is of the form
where A and B are two coefficients characterizing the competition. Of course, all the complexity of the problem lies in the determination of these coefficients in a particular situation, but Eq. ͑8͒ shows that basically two regimes are possible: when ͉A/B͉Ͻ1 a steady state can exist, and the orien-tation is given by cos(2)ϭϪA/B ͑the tank-treading regime͒, and when ͉A/B͉Ͼ1 the motion cannot be stationary and the particle rotates in the flow ͑the tumbling regime͒. Two branches exist in the tank-treading regime corresponding to ϭϮarccos(ϪA/B)/2. With the conventions of Fig. 2 , Ͼ0 corresponds to the stable branch while Ͻ0 is unstable. The two branches meet at ϭ0, which corresponds to the limit of stability. When ͉A/B͉ is varied from 0 to infinity, the orientation varies from 45 degrees to zero, reached for ͉A/B͉ ϭ1, and a transition to a tumbling motion occurs for larger values. In the terminology of the bifurcation theory, this kind of transition is called a saddle-node bifurcation. In their paper, Keller and Skalak were able to derive expressions for A and B on the basis of Jeffery's work on rigid ellipsoids ͓18͔, and they applied their theory to the special case of red blood cells. In view of the importance of this tank-treading to tumbling transition for blood rheology, it seems interesting to compare this theory numerically to the full free boundary resolution. Since the deformability of the particle is not taken into account in the KS theory, we chose to consider the regime C Ͻ1 which corresponds to weakly deformable vesicles. We checked that in practice the precise value of C does not affect the results much, as shown in Fig. 3 for a swelling ratio ϭ0.8. In this figure we plot the variations of the equilibrium angle as a function of the viscosity ratio r for two different values of C ͑0.75 and 0.075͒. We observe a variation only close to rϭ1 which remains far away from the transition. This lack of sensitivity is very interesting since it means that the constraints of fixed perimeter and area ͑sur-face and volume in three dimensions͒ are playing the leading role, and the precise value of , the curvature modulus, is not very important in the C Ͻ1 regime. This property is very interesting from an experimental point of view, since usually is difficult to measure. The dynamical situation is then quite similar to the equilibrium situation ͑no flow͒, for which can rigorously be eliminated from the problem. The only relevant parameters are thus and r, the viscosity ratio. Close to the transition, the KS theory predicts a square root dependence of the orientation angle as a function of r ͓A/B is linear in r and ϭarccos(ϪA/B)/2, once linearized around ϪA/Bϳ1 leads to a square root law͔. This square root law is represented in Fig. 3 and is seen to be fairly well reproduced. Indeed, an extrapolation to ϭ0 of this square root fit is a powerful way of measuring the critical viscosity ratio r c . The quantitative comparison with the KS theory exhibits some discrepancies, this theory tends to slightly underestimate the critical viscosity ratio r c . A more systematic study is presented in Fig. 4 , where we can see the variations of the main axis orientation as a function of the viscosity ratio for various values of the reduced surface .
In this figure the dashed lines correspond to the KS theory in two dimensions, while the simulation data using the integral method are represented by the symbols. We can see that, although the KS theory captures the generic scenario of the transition, still some quantitative discrepancies exist between the theory and the numerical results: the critical viscosity ratios are a bit underestimated by the theory. Interestingly, the difference between the theory and the numerical data does not seem to be very sensitive to the swelling ratio , although it could be expected to be larger for low values of for which the equilibrium shapes are far from ellipsoidal. A final comparison between the KS theory and the numerical free boundary resolution is seen in Fig. 5 , where the KS predictions for r c are confronted to both the AF results and the boundary integral resolution. We basically observe the same trend as already mentioned. Amazingly, the free boundary numerical resolution in two dimensions seems to be closer to the 3D KS predictions for a prolate shape than the 2D expectations, but this is probably purely accidental.
III. ANALYSIS OF THE TRANSITION WITHIN THE AF APPROACH
Stationary states result from a balance between the energy flux entering in the system and the hydrodynamic dissipation. From this general consideration it is, for example, easy to extract the main dependences of the Stokes drag force acting on a sphere moving at velocity v in a viscous fluid: the injected energy is simply Fv, where F is the force exerted on the sphere to compensate for the Stokes force; the dissipation rate is given by
where the integration covers the volume where dissipation occurs. If we assume that the range of the flow perturbation due to the sphere is proportional to its radius R, replacing ٌv by v/R and the volume integration by ϫR 3 we recover the classical dependencies of the Stokes force, namely, F ϰvR. This kind of heuristic analysis can be powerful when the typical scales are well defined. Conversely, when several length scales compete such arguments require a more quantitative analysis. This is indeed the case here where the swelling ratio , which is directly connected to the ratio between the large and the small axis of the vesicle, plays a key role. We thus have to analyze dissipation in more details.
In Fig. 6 we present isocontour plots of the dissipation field for a vesicle of reduced surface ϭ0.91 and for different viscosity ratios, in / out ϭ2.0, 4.0, 6.0, and 7.8 ͓close to the tumbling transition for ͑⑀/Rϭ0.068͔͒. We can see that dissipation is localized in a very narrow area outside the vesicle, we also see contributions along the diagonal axis due to the elongational component at 45 degrees ͑we checked that these lines are not finite size effects by changing the box shape͒. Indeed, the tank-treading motion creates very little dissipation inside the vesicle. This is not itself a surprise since for a purely circular shape ͑ϭ1͒, the internal flow is purely rotational and therefore does not dissipate energy at all. At lower values of , the shape does no more permit a pure rotational flow inside the vesicle and dissipation occurs. From expression ͑9͒ we can expect the following dependence for the internal dissipation: where v tt is the tank-treading velocity, which defines the velocity scale and ␣ is an exponent which should be close to unity at low values of 1Ϫ. The variations of the internal dissipation are presented in Fig. 7 , and we can observe the presence of a maximum. This maximum is in fact an artificial effect due to the normalization by out . The internal dissipation rate is in fact proportional to in , and the maximum results from a competition between growing values of r and a corresponding decrease of the tank-treading velocity ͑see Fig. 8͒ . A normalization by in would have given monotonic decreasing curves ͑like v tt ). Amazingly, the tanktreading velocity seems to reach a minimum at the transition.
To check the validity of relation ͑10͒, in Fig. 9 we present a logarithmic plot of Ė in /(v tt 2 ) as a function of 1Ϫ for eight different values of the viscosity ratio, and we can see that they nicely superimpose on a master straight line of slope ␣ϭ0.9.
The external dissipation rate is presented in Fig. 10 . First, as already mentioned, the external dissipation is larger than the dissipation inside the vesicle. Indeed the external dissipation is dominated by the shear itself, and is thus, strictly speaking, infinite. To analyze the contribution due to the vesicle we have subtracted the shear part and considered
L is the length of the resolution box. Even with this prescription, the contribution of the vesicle remains larger outside than inside ͑a factor of 10͒. A scaling law is, however, more difficult to obtain since dissipation outside the vesicle does not cancel when the tank-treading velocity vanishes. We can observe that the external dissipation decreases when the vesicle becomes more elongated ͑de-creasing values of ͒ and when the viscosity ratio increases, in both cases the equilibrium angle decreases.
The total dissipation in the system is plotted in Fig. 11 and is very similar to the external dissipation presented in Fig. 10 , which is the leading contribution. Amazingly, the global dissipation seems to exhibit a minimum close to the tumbling transition. But it is difficult to make conclusion, since numerical uncertainties are amplified close to the transition point.
Above the critical viscosity ratio no stationary angle exists, as predicted by Keller and Skalak, rather, a tumbling motion occurs according to the motion law ͑8͒. This equation is remarkably well satisfied, as shown in Fig. 12 , even though the reduced surface ϭ0.747 corresponds to a region where the KS theory should become quantitatively insufficient ͑although qualitatively quite good͒.
This figure shows that the tumbling motion is not a regular rotation ͑the density of points, sampled at a fixed frequency, is not constant͒, especially close to the transition, rather, the tumbling motion is slow around ϭ0 and is fast for ϭ/2. We can also see that the predicted KS value A ϭϪ␥/2 is well reproduced here. Superimposed to the tumbling, i.e. the rotation of the main axis, remains a tanktreading motion. Tank treading can be studied by computing the velocity field along the membrane in the tumbling frame. A variation of the tank-treading velocity is presented in Fig.  13 , where we observe the oscillatory behavior predicted by Keller and Skalak. In this figure positive values of v tt correspond to a clockwise tank treading while negative values to an anticlockwise rotation, which means opposite to the tumbling motion. Tank treading cancels for ϭ/4 and 3/4. This oscillatory motion is well described in the paper by Keller and Skalak, so we will not enter into details here; we simply mention that this residual tank-treading velocity is five times smaller than in the pure tank-treading regime. Since the motion is now unsteady we expect transient effects to be important. The relaxation of the elastic constraints that applies on the membrane are not instantaneous either in nature or in simulations.
A basic test is to analyze the variation of the tank-treading velocity along the contour of the vesicle. A perfectly inextensible membrane would correspond to a constant velocity along the contour. For our weakly extensible situation this is not indeed the case, and to quantify the variations of the tank-treading velocity we consider two extreme situations: Ӎ0 ͑Fig. 14͒, which corresponds to a very slow tumbling motion ͑we are close to the tumbling transition͒ in which case the tension of the membrane is expected to be well equilibrated; and Ӎ/2 ͑Fig. 15͒, which is the worse situation for the membrane since the tumbling motion is very fast at that point of the trajectory and the tension of the membrane has little time to relax.
It is then not a surprise if the variation of the tanktreading velocity along the contour is much more important in the second case ͑20% in amplitude͒ than in the first one ͑3%͒. The variation was only 1% in the steady tank-treading regime ͑see Fig. 16͒ .
As for the tank-treading case, dissipation can be analyzed inside and outside the vesicle during its rotation. In Fig. 17 we show the variations of the internal dissipation rate as a function of the instantaneous orientation of the vesicle. Not surprisingly, dissipation is maximized when the modulus of the tank-treading velocity reaches its maximum, i.e., when ϭ0 and /2. Figure 18 shows the corresponding variation of the external dissipation, and we can see that internal and external dissipation vary in opposite phase.
Although the variation of the internal dissipation is directly related to tank-treading, the external dissipation is more complicated since both tank-treading, tumbling and excluded volume effects play a role. The complementarity of the internal and external dissipation is then not complete which is illustrated by the variation of the global dissipation ͑see Fig. 19͒ . As in the tank-treading regime, the internal dissipation is only a fraction of the total dissipation due to the vesicle ͑10%͒.
IV. CONFINEMENT EFFECTS
In order to tend towards a more realistic description of the tank treading-tumbling transition, it appears necessary to modify slightly the system. We considered the highly idealized case of an isolated vesicle submitted to a constant shear flow, but in practice we have to take into account the confinement effects, simply because this corresponds to the experimental situation. The rheology of blood in capillaries, for example, exhibits features directly related to confinement: the apparent viscosity depends of the vessel diameter; this is the so-called Farhaeus-Lindquist effect. We will, however, not consider here the geometry of a capillary tube, since the flow in such situations is quadratic ͑Poiseuille flow͒. This type of flow is known to induce lift forces on vesicles or red blood cells which tend to group the cells at the center of the tube. On the axis of the tube however, shear cancels. This geometry is then not very appropriate to investigate shear effects. Rather, we will confine the vesicle between two plates, each of them moving in opposite directions. To eliminate drifts due to the lift force ͓19͔ the vesicle is placed at the center of the cell. Since the plates move in opposite directions, a shear remains at that point controlled by the relative velocity of the plates. This geometry can easily be incorporated in the AF method: we just have to introduce a no-slip boundary condition on the plates located at the top and the bottom of the resolution box. The top and bottom boundary conditions now correspond to a cancellation of the flow induced by the vesicle ͑the total velocity field minus the imposed shear flow͒, whereas we previously considered periodic boundary conditions for this component of the flow.
In Fig. 20 we plot the critical viscosity ratio as a function of the confinement R/L, where L is the distance between the shearing plates. We can observe that the critical viscosity ratio increases rapidly when the distance between the plates is reduced. It reaches even twice the bulk value when the distance between the plates is of the order of seven times the effective radius R, which is not that a strong confinement. The extrapolated bulk value is obtained to be r c ϭ5.5 which is very close to the value r c ϭ5.4 obtained with periodic boundary conditions ͑but no rigid walls at the boundaries͒ as shown in Fig. 26 . The transition curve is presented in Fig.  21 , obtained as explained above. The lower curve corresponds to an isolated vesicle, and the upper one to a vesicle between two plates, with a confinement of R/Lϭ0.13. As expected, due to the geometrical constraints, the critical viscosity ratio is sensitively increased in the case of the nonvanishing confinement. It is not a surprise in itself because of the increase of the dissipation between the vesicle and the plates. The energy needed for the vesicle to tumble is in a sort dissipated.
Of course, a further quantitative analysis of the dissipation is required in this geometry, but a strong dependence of the rheology of such a binary system under confinement can be expected at this level.
V. DISCUSSION
The KS theory seems to provide an accurate description of the physics involved in the dynamics of vesicles in a shear flow. We checked that the theory is qualitatively excellent, and gives quite good quantitative predictions for vesicles in two dimensions. A 3D numerical calculation ͑with no viscosity contrast͒ ͓20͔ regarding the pure tank-treading motion arrived to the same conclusion for this motion. This result is not fully intuitive, since the theory does not incorporate the physics of the membrane itself ͑the shape is assumed to be ellipsoidal͒. We could check numerically that in the free boundary problem the curvature deformability C of the vesicle does not play a key role, at least in the regime C Ͻ1 corresponding to a weak deformability. Indeed, the main physical ingredients in this problem seem to be the geometrical constraints of fixed perimeter and area ͑surface and volume in three dimensions͒, captured by the KS theory. Interestingly, these properties are common to vesicles and red blood cells, which may explain the observed similarities between red blood cells and vesicles in a shear flow. But the comparison is not complete, and several features of the red blood cell motions are not accounted for by a simple vesicle model. As an example, the shear rate only defines a time scale in the KS theory; it simply appears as a prefactor in dynamical quantities and can therefore be eliminated by rescaling time. As a consequence, the transition threshold does not depend on the shear rate, which is not fully the case for red blood cells. We can then conclude that other time scales should play a role in the dynamics of red blood cells, and that the dependence of the transition in the shear rate should come from a competition between the forced time scale ␥ and internal time scales of the cell. These internal time scales also exist for vesicles; t shape ϭR 3 / is the relaxation time of the shape at fixed perimeter ͑surface in three dimensions͒, and C expresses precisely the competition between the deformation imposed to the vesicle by the shear flow and the relaxation of the shape due to the curvature energy. However, we have seen that the dependence in C is very weak in the low deformability regime. The situation may change in the large deformability regime, but we have not yet investigated this regime. A second internal time scale appears in our formulation due to our prescription for the Lagrange's parameter field: the membrane is not strictly inextensible. Extensibility introduces a new relaxation time scale, associated to the perimeter ͑or the surface in three dimensions͒ which we chose very small compared to t shape and ␥ Ϫ1 ͑of the order of 10 Ϫ3 ) so that the constraint is almost instantaneously satisfied. We could, however, consider more deformable entities and expect a shear dependence of the results in this case. At least another time scale enters into play for red blood cells since the membrane has a shear modulus, which again defines a relaxation scale. Account of these various relaxation scales lead to quite complex behaviors, as illustrated in ͓14͔. Reducing the complexity motivated our simplistic approach where time scales are included progressively. A study of extensible membranes is currently in progress. Introduction of the full complexity does not affect the overall picture of the tank-treading to tumbling transition. The transition is simply more progressive, oscillations have indeed been observed in its neighborhood that rends the experimental or numerical analysis more difficult. The vesicle model presents, on the contrary, a sharp transition, and thus confinement effects, or collective effects if several vesicles interact can be interpreted more easily. The transition itself has been investigated in this article on the basis of a dissipation analysis. This analysis reveals that most of the dissipation occurs outside the vesicle, the flow inside the vesicle rotates in quasi-solid manner and does not generate a significant shear. This point is important since it indicates that a non-linear behavior of the encapsulated fluid will probably not affect too much the results. Viscoelasticity will, on the contrary, define new time scales which will compete with all the other times scales of the system, as previously discussed. We thus expect viscoelastic behaviors of the encapsulated fluid to be more visible than non-linearities ͑the study is, however, still to be done͒. On the same ground, a precise description of the flow outside the vesicle seems to be more important than the description inside, and this may be the reason why the KS theory works so well: it is based on Jeffery's analytic solution for rigid ellipsoids outside the particle. The tanktreading motion being introduced in an approximate way, it does not strictly satisfy the local inextensibility of the membrane, which affects the flow inside ͑it is the main component͒ much more than outside ͑it is only part of the flow͒. The tumbling motion is simply a global rotation. This dissipation analysis also shows several intriguing features: The total dissipation decreases as we approach the transition where it seems to be minimal ͑the derivative cancels͒. In the tumbling regime dissipation oscillates, the internal and external dissipation are out of phase, which expresses an exchange between the tumbling motion ͑large dissipation outside, low dissipation inside͒ and the tank-treading motion ͑low dissipation outside, large dissipation inside͒. We could then expect the oscillations to compensate, but this is not the case since the amplitude of the external oscillations is much larger than the internal ones. The internal dissipation is indeed directly related to the residual tank-treading motion in the tumbling regime, and is therefore very small (v tt is five time smaller in the tumbling regime than in the tank-treading regime for the parameters we have considered͒. A dissipation analysis would be also interesting in confined situations where we observe a strong effect of the confinement on the transition location: confinement favors the tank-treading regime. The rheological consequences have not yet been investigated, but this is certainly a problem to consider.
VI. CONCLUSION
We have presented a numerical study of the tank-treading to tumbling transition in vesicular systems, based on the Hel- frich formulation, and compared our results to the KS theory. We have first compared the newly proposed AF method to the boundary integral formulation, and have shown that the AF formulation can provide quantitative results when finite size effects and the sharp interface limit are considered. A comparison of our results with the KS theory shows that although slight quantitative discrepancies exist, the KS theory represents a very good framework for the investigation of the dynamics of a single vesicle in a shear flow. In the low deformability regime C Ͻ1 the boundary integral formulation shows that indeed the results are independent of C which is a basic assumption in the KS theory. An analysis of the dissipation in the system shows that the main contribution ͑once the shear contribution has been removed͒ comes from the external flow; the internal fluid rotation represents only 10% of the dissipation. In the tumbling regime we observe oscillations of the dissipation, with an opposite phase for the internal and external dissipation, indicating an exchange between the tumbling motion and the residual tank treading. Finally, we have analyzed the confinement effects on the transition and shown that the critical transition line is strongly shifted by the confinement ͑even when the box size is five times larger than the vesicle͒. We believe that this effect should have strong consequences on the rheological properties of the medium.
There are several features which have not been discussed here, since our first focus was to make the presentation as simple as possible. First, we have treated the two monolayers as forming a single entity; that is, we did not account for a relative sliding between the two monolayers ͓21͔. If the dissipation associated with the relative motion becomes comparable to that in the bulk, we expect this to affect the tumbling transition. Most important is that we have confined our study to 2D vesicles, and this assumption must be relaxed in the future if one whishes to have a more quantitative comparison with experiments. Several other ingredients must then be incorporated such as the spontaneous curvature and the area difference between the two monolayers, two ingredients that have proven to be essential in describing the equilibrium shapes of vesicles. We have developed an AF approach in three dimensions, and it turns out that speeding up the computation efficiency is imperative before performing a systematic quantitative study. This question is under consideration.
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APPENDIX A: BOUNDARY INTEGRAL METHOD
The boundary integral method is the traditional technique used to solve classical hydrodynamical problems in the Stokes limit. The method is based on the resolution of the Stokes equations ͑2͒ using the Green function's formalism. Since we consider a two-fluid problem, the internal fluid with viscosity in and the external fluid with viscosity out , it is interesting to separate the integration domain into two subspaces: ⍀ in , the internal medium, and ⍀ out , the external fluid. The boundary between these two domains will correspond to the membrane forming the vesicle. Let us first consider an homogeneous fluid with generic viscosity flowing in a generic domain ⍀. We assume moreover that the fluid is subjected to a force field f͑r͒ defined in ⍀. In the Stokes limit, the flow is obtained by solving the Stokes equation for incompressible Newtonian fluids:
These equations have to be supplemented by appropriate boundary conditions at the edge of the integration domain ⍀. The derivation of both the integral equations together with the Green's functions have been discussed at length in Ref.
͓22͔, so we shall just briefly recall the main steps, and emphasize on how a viscosity contrast must be incorporated. If ⍀ is the full space, and boundary conditions at infinity are vϭ0 and no surface force apply at infinity, we can expect linear relations between the velocity field v ͑the pressure field p͒ and the force field f of the forms
Insertion of these expressions into the Stokes equation ͑A1͒ leads to the equation for the Green tensor Ḡ and the Green vector q:
where indices i, l, and k stand for the components of Ḡ and q along the x, y, and z axes; ‫ץ‬ i is a derivation along the i axis, and a summation over repeated indices ͑Einstein convention͒ is assumed. When surface forces apply at the edge ‫ץ‬⍀ of the integration domain ⍀ or the velocity field does not cancel, extra contributions appear, and the generic expression for the velocity field is
where f s are the surface forces at the boundary, and n is the normal vector at the boundary pointing outside ⍀. ␦ ͑r,⍀͒ is unity when r is located inside ⍀, and half when r is at the boundary and zero outside. K is a third order tensor. The two first contributions account for the external volume and surface forces applying on the fluid located in ⍀ while the last term accounts for a non-vanishing velocity field at the border. Expressions for Ḡ and K in three dimensions are ͓22͔
Here x stands for rϪrЈ and x is the modulus of x. The 2D expression for these tensors can be obtained by integration along the z axis:
Care must be taken ͓23͔ while integrating Ḡ since a logarithmic divergence occurs; a cutoff in the z direction can be introduced which does not play any role when the integral of the external forces applied on the system vanishes ͑the situation here͒. The generic equation ͑A2͒ can now be applied to the external and internal media forming the vesicle, ⍀ out and ⍀ in . In the absence of external forces, the velocity field at the membrane can be written from Eq. ͑A2͒:
where ''mem'' denotes the membrane and ''infinity'' the contour at infinity, f s in and f s out are the surface forces applied respectively to the internal and external fluid at the membrane, this force is due to the membrane, and therefore f s in ϩf s out ϭf mem . The last term in the second equation of Eqs. ͑A3͒ accounts for the externally applied flow ͑shear in the present situation͒. Summation of these two expressions leads to
where n is now the normal vector pointing outside the vesicle. The membrane force f mem is deduced from the Helfrich free energy
c is the local curvature of the shape and the factor is the Lagrangian parameter which ensures a constant perimeter for the vesicle. Note that both the inner and the outer fluids are supposed to be incompressible. A second Lagrangian parameter to ensure a constant surface for the vesicle is thus useless in our case. The membrane force is derived from the free energy by the equation
In two dimensions ͓19͔,
where t is the tangent vector at the membrane, (t,n ) form a direct ortho-normal basis, and c is defined by dt/dsϭϩcn , s is the curvilinear coordinate. The first two terms are curvature forces. The third term describes the adjustable force necessary to ensure a constant perimeter, and can be interpreted as a Marangoni effect. The fourth term is the well-known Laplace force. This force stemes from the pressure difference linked to curvature effects on both sides of the membrane. The numerical procedure is simple: from the shape of the vesicle we can compute the membrane force f mem . The knowledge of f mem allows us to get the expression of the velocity field at the membrane interface thanks to the integral formulation ͑A4͒ and thus to predict its motion. The basic numerical strategy was described in Ref. ͓23͔.
APPENDIX B: ADVECTED-FIELD APPROACH
Definitions
Alternatively, Eqs. ͑6͒ can be modified to derive a more flexible scheme which applies to various physical situations ͑boundary conditions or complex non-Newtonian fluids͒. The idea is to replace the so-called ''sharp interface'' problem presented above by a smooth interface ͓17͔. The vesicle is now described by an advected-field which goes smoothly from Ϫ1 to ϩ1 while crossing the membrane. Ϫ1 will for example represent the internal part of the vesicle and ϩ1 the external fluid, the membrane being located at the zeros of the AF. Obviously we must recover the ''sharp interface'' description when the width ⑀ of the ''smooth interface'' goes to zero. This limit is called the ''sharp interface limit'' and will be presented in a forthcoming publication. A simple way to produce a field going from Ϫ1 to ϩ1 with a typical interfacial size ⑀ is to consider the following functional:
͑B1͒
This functional corresponds to the simplest Landau-Ginzburg description of a binary interface, the square-gradient theory.
Minimization of this functional in the special case of a flat interface leads to the following interfacial profile:
where r is the coordinate in the normal direction, with the convention that rϭ0 at the interface. We have explicitly used the boundary conditions (Ϯϱ)ϭϮ1 and Ј(Ϯϱ) ϭ0. When the interface is curved, however, the Laplace force contained in Eq. ͑B1͒ induces a curvature dependence of the shape. Elimination of this force is thus necessary to keep the hyperbolic tangent shape ͑B2͒, and to suppress spurious relaxations, as will be discussed later.
To obtain the full energy functional of the vesicle within the AF approach, we have to generalize what we called the configurational energy ͑E͒ in Appendix A. To this end, we need to introduce a coordinate perpendicular to the membrane ͑r͒ and rewrite the integrals along the membrane in the following way:
where ␦ shape (r) is the ''shape function'' of the membrane which should reduce to a Dirac distribution centered on the membrane in the sharp interface limit. From its definition ␦ shape (r) must satisfy the normalization condition ͐dr␦ shape (r)ϭ1. A convenient choice for this function is, in Cartesian coordinates,
which satisfies the normalization condition since the advected field goes from Ϫ1 to 1 while crossing the membrane. Here, r denotes the current position in Cartesian coordinates. Expression ͑4͒ of the configurational energy can then be easily extended as follows:
͑B4͒
The curvature field c can easily be expressed in terms of the AF if we define the normal vector field n and the tangential vector field t as
Here ẑ is the unit vector normal to the 2D plane. This definition corresponds to the choice dt ds ϭϩcn ͑B6͒
in curvilinear coordinates. One can easily check that the curvature field satisfies
is a more complex field which cannot be expressed as a simple functional of ͑it is history dependent, as we will see͒.
Expression of the force
To obtain an explicit expression for the external force f ext it is necessary to differentiate the configurational energy E con f ig with respect to the local position of the membrane. A local displacement of the membrane by a vector ␦R corresponds to the transformation (r)→(rϪ␦R) ͓e.g., (r) →(rϪ␦R)]. As a result, ␦ ␦R ϭϪ"ϭϪ͉"͉n ϭϪ2␦
shape ͑ r͒n , ␦ ␦R ϭϪ". ͑B8͒
From these expressions we can easily see that all contributions to the total energy E having a functional dependence in will give rise to normal forces, as a result, the only contribution that leading to a tangential force is the term. Since the derivation of the force is a bit tedious ͑see Appendix D͒ we simply write down the final expression here:
͑B9͒
which is to be compared to its analog ͑A5͒ in the sharp interface limit ͓19͔, with prescription ͑B6͒ for the curvature:
where s is the curvilinear coordinate. From these two expressions we can note that t•" is the natural extension of d/ds.
Final equations
Velocity field: Expression ͑B9͒ allows to calculate explicitly the local force f ext acting on the velocity field for a given configuration of the AF ͑r͒. The Stokes equation can be solved using a relaxation scheme:
where ⑀ v is a density scale which is related to the relaxation time ͑and thus defines an effective Reynolds number͒, and f ext ϵF con f ig as given by expression ͑B9͒. The pressure field must be adjusted to ensure incompressibility:
When a viscosity contrast exists between the fluid enclosed into the vesicle and the external fluid, is position dependent. A simple prescription for is to set ϭ out (1ϩ)/2 ϩ in (1Ϫ)/2 which guarantee a continuous variation of viscosity while crossing the membrane. We used this prescription here.
Advected field: The dynamical equation for the AF can be derived from the condition v mem ϭv which specifies that the membrane is simply advected by the flow. Pure advection is unfortunately not numerically stable with ordinary numerical schemes, and it does not guarantee that the final shape of the AF minimizes the energy functional ͑B1͒. To cure this problem, we can write the following dynamical equation:
where we recognize the advection contribution Ϫv•" and the restoring force Ϫ␦E intrinsic /␦. Note the presence of an additional term, c⑀ 2 ͉"͉, as suggested by Folch et al. ͓24͔ , that plays a very important role in the AF method. To understand the role of this counter-term, it is interesting to write the dynamical equation in a more explicit way, using the prescription ͑B1͒ for the functional:
We show in Appendix E that in the sharp interface limit ͑⑀→0͒, using the dimensionless rescaled variable r*ϭr/⑀, the combination ⌬ϩc͉"͉ simply reduces to ‫ץ‬ 2 /‫ץ‬r* 2 ϩO(⑀ 2 ). The steady AF profile across the interface reduces then, up to order ⑀ 2 , to the profile of the planar interface ͑B2͒, and is thus not sensitive to the local curvature. The physical implication is that the lateral relaxation of the global shape induced by the Laplace force due to the surface tension of the Landau-Ginzburg theory has been suppressed ͓the counterterm corresponds precisely to the opposite of the Laplace force, which can be checked by integrating this counter term across the interface, with expression ͑B3͒ for the shape function͔. An important consequence, justifying the name of the method, is that the AF is quasipassive: it is simply transported by the flow, whereas in the absence of the counterterm, the vesicle would simply disappear to minimize E intrinsic . Since terms of order ⑀ 2 remain, drifts can be observed after a while, but since in most numerical implementations the grid spacing h is of the order of ⑀, and the usual discretization of the differential operators is of order h 2 , it is in practice useless to go beyond ⑀. The key point is then to adjust the value of ⑀ such that the drifts remain negligible while the numerical scheme remains stable. In practice, ⑀ is of the order of unity. Although the counterterm cancels the first order in ⑀ in the AF equation, corrections of order ⑀ are still present in the velocity equation, and thus linear dependences of the results in ⑀ can be expected in general. But these corrections only affect the results in a quantitative way as we will see below.
Lagrange's parameter field: The last equation concerns the Lagrange's parameter field that appears in the force associated to the constraint of fixed local length of the membrane ͓see Eq. ͑B10͔͒. Unfortunately the functional relation between the perimeter and is not known explicitly. We will then use a prescription based on a physical interpretation of , namely that this field corresponds to a local tension of the membrane. In a linear response theory we can assume that this tension is proportional to the local extension of the membrane. From this interpretation, we postulate a phenomenological equation for :
where T is a ''tension'' constant ͑energy per unit surface͒ and t•(t•")v simply represents t•‫ץ‬v/‫ץ‬s in the sharp interface limit ͑s is then the curvilinear coordinate͒ which is nothing but the local extension rate of the membrane. With this prescription, is proportional to the local extension of the membrane.
Numerical procedure and parameters
Both the advected field ͑r͒, the velocity field v͑r͒ and the tension field ͑r͒ are discretized on a square lattice of size N x ϫN y where N x and N y are taken of the order of 300, and the differential operators are discretized on this lattice using algorithms of order two cylindrically symmetric. Rotational symmetry is very important in this problem, and care has been taken to ensure it. Tests with the more symmetric hexagonal lattice have been performed providing the same results. From an initial configuration of ͑r͒, v͑r͒, and ͑r͒ it is possible to compute their time evolution by integration of the equations presented in the previous section using a fourth order Runge-Kutta solver. Periodic boundary conditions have been used at the border of the simulation box for ͑r͒, ͑r͒ and the velocity field induced by the vesicle ͑i.e., the actual velocity field minus the imposed external field͒. These periodic conditions on the relevant fields allowed for implicit algorithms in Fourier space, of special interest for solving the Stokes equation combined with the incompressibility constraint.
We have chosen the following system of units: the unit length is RϭͱS/ where S is the surface of the vesicle, R is then the typical radius of the vesicle which is of the order of RӍ10 m; the time unit is defined as the typical time for a vesicle to relax to its equilibrium shape t shape ϭ out R 3 /; the mass unit is fixed by setting ⑀ v ϭ1. The physical dimensionless control parameters are as follows.
C ϭ out ␥R 3 /ϭ␥t shape , the ''curvature'' number controlling the curvature deformability of the vesicle in the external flow. A large value of C corresponds to a large deformation. In practice we set C ϭ0.5, which corresponds to an intermediate regime. C T ϭ out ␥R/T, the ''tension'' number that controls the perimeter variation due the externalflow. A large value of C T means a large extensibility of the membrane. Here we set C T to 10 Ϫ3 on the contrary, to ensure the constraint of fixed perimeter. SuϭRc/C ϭ⑀ v / out 2 R, the Suratman number, which represents the Reynolds number Re estimated using t shape as the typical time scale. This number is fixed to 10 Ϫ2 in practice, since we work in the Stokes regime. Smaller values have been tested, slowing down the computation speed without affecting the results. rϭ in / out , the viscosity contrast typically between 1 and 10 here. ϭ4S/ P 2 , the swelling ratio in two dimensions ͑S is the internal area and P the perimeter͒, between 0.7 and 1.
The technical parameters associated to the AF equations or appearing in the numerical scheme are ⑀ the interfacial width of typical value 0.035R. h the lattice spacing dxϭdyϭhϭ0.03R. N x , N y the number of grid points in a direction varies from 200 to 500. dt the time step is of the order of 10 Ϫ3 t shape .
t ϭ1/⑀ the AF relaxation time is of the order of 0.2 t shape .
APPENDIX C: TEST OF THE METHODS
Equilibrium shapes
When no external force is applied to a vesicle its shape relaxes to minimize the curvature energy with the constraint of a fixed perimeter P and a surface S. These equilibrium shapes have been thoroughly investigated in two or three dimensions by several authors, and can be obtained in the sharp interface description by a direct integration of the minimization equation using a shooting method. In Fig. 22 we compare the results obtained with the advected field method to the sharp interface description. In this figure circles correspond to the isocontour ϭ0 of the advected field, and the solid line to the sharp interface data. We can see that these two methods are in fairly good agreement, whatever the value of the reduced surface ϭ4S/ P 2 . In Fig. 22 the perimeter has been arbitrarily fixed to Pϭ2.
Since the KS theory assumes a fixed ellipsoidal shape for the vesicle, it is interesting to compare the actual equilibrium shapes to ellipsis. Such a comparison is presented in Fig. 23 .
For swelling ratios larger than 0.9 the equilibrium shape is reasonably well described by an ellipsis, as can be seen on the figure; however, below that value the comparison becomes poor. For Ͻ0.85, indeed, the shape can even become nonconvex ͑see Fig. 22͒ and the KS theory can be expected to fail in this region. A direct test of the theory requires the application of an external shear flow, a situation that we consider now.
Vesicle in a shear flow
More interesting is the situation where a vesicle is submitted to a shear flow. Such a situation is likely to occur when a vesicle flows in the neighborhood of a wall, a relatively common situation in practice due to sedimentation or confinement. The most basic shear flow to consider is the linear shear flow which is entirely determined by a single parameter ␥, the shear rate:
Placed in such a flow, a rigid elongated object is subjected to an angular momentum inducing its rotation ͑or tumbling motion͒. However, a vesicle is not a rigid object and when the internal viscosity is identical to the viscosity of the external fluid it has been shown that the vesicle main axis reaches a stationary orientation which is a function of the swelling ratio ͓16͔. If denotes the angle between the x axis ͑shear axis͒ and the main axis of the vesicle ͑see Fig. 2͒ , a quasispherical shape would correspond to ϭ/4. In general, Ͻ/4. Although the global shape is stationary, it must be noted that the membrane still circulates along the contour like a tank tread ͑see Fig. 2͒ .
Interestingly, when the internal viscosity increases up to infinity a transition should occur between the pure tanktreading motion described above and the tumbling motion corresponding to a rigid body. We will use the notation r c for the critical viscosity ratio at which the transition occurs, which corresponds to the cancellation of . Such a transition has indeed been predicted theoretically by Keller and Skalak for red blood cells by assuming ellipsoidal shapes. However, one can easily see from Fig. 22 that in situations corresponding to red blood cells in three dimensions ͑ϳ0.7͒ the shapes are far from ellipsoidal, a careful quantitative analysis of the results is then necessary. It has indeed been shown in Ref.
͓17͔ that the AF predictions for the transition location differ from the KS theory. These data were obtained for ⑀ ϭ0.068R and a box size Lϭ10R. These two parameters are, however, internal parameters of the resolution method, they are absent from the KS theory that considered a sharp interface and an infinite surrounding medium; the same is true for the Green function formalism, which allows for an exact account of the boundary conditions at infinity. It is then important to compare the AF predictions with the Green function formalism. Here we will analyze both the effect of ⑀, and the finite size effects due to the periodic boundary conditions used in the AF method. In Ref. ͓17͔ the finite size effects were considered, assuming that it was the leading source of discrepancy in two dimensions, but the influence of ⑀ was not investigated. We will focus first on the influence of ⑀, and to this end consider the tank-treading regime, for which we have a steady state. In Fig. 24 we plot the variations of as a function of ⑀ for ϭ0.8. We can observe a quasilinear dependence of as a function of ⑀. An extrapolation to ⑀ϭ0 leads to a value ϭ6.94 degrees ͑the Green function data are 6.2 degrees͒, whereas for a value of ⑀ ϭh, the minimal resolution, the AF value of is around 10 degrees, leading to a strong overestimation of the angle, and therefore of the critical viscosity ratio r c corresponding to ϭ0 ͓16͔. An extrapolation of the AF data to ⑀ϭ0 is thus necessary to obtain quantitative results. Finite size effects due to the chosen periodic boundary conditions can be investigated as well by changing the resolution box size L. Variations of the orientation angle , as functions of the inverse box size R/L for ⑀ϭ0.035R and ϭ0.8, are shown in Fig.  25 . We observe that the equilibrium angle increases with the box size, and the L→ϱ variations thus partially compensate for the ⑀→0 variations. We can then expect the ⑀→0, L→ϱ AF prediction for to be of the order of 8.5 degrees rather than 6.2 degrees for the boundary integral method. One should not wonder too much about this discrepancy, since we are here in the vicinity of the critical angle ϭ0, where a small drift in the control parameters ͑the swelling ratio for example͒ can induce dramatic changes in . Interestingly, the critical viscosity ratio proves to be rather insensitive to the finite size effects. In Fig. 26 we plot the critical viscosity ratio for ϭ0.8 as a function of the inverse box size, and we can see that up to the accuracy of our measurements ͑the size of the points͒ we do not observe a significant evolution of r c . To obtain the transition curve, we can then consider the ⑀→0 limit only. The extrapolated transition curve is presented in Fig. 5 , where r c have been computed for two values of ⑀ and extrapolated to 0.
The crosses correspond to a value ⑀/Rϭ0.047 and the circles to ⑀/Rϭ0.035. An extrapolation to ⑀ϭ0 provides the empty triangles that have to be compared to the results of the boundary integral formulation ͑the filled triangles͒. We can observe a fairly good agreement between the extrapolated AF values and the boundary integral reference results. This curve also contains the KS predictions that will be commented upon Appendix D. To conclude this part, the AF 
